
Tianjin Daxue Xuebao (Ziran Kexue yu Gongcheng Jishu Ban)/  
Journal of Tianjin University Science and Technology 
ISSN (Online): 0493-2137 
E-Publication: Online Open Access  
Vol:55 Issue:02:2022 
DOI 10.17605/OSF.IO/W7B5G 

 

Feb 2022 | 438  
 

𝓗 −LOCALLY CLOSED SETS IN GENERALIZED TOPOLOGICAL 

SPACE 

P. ELAVARASAN,  
Research Scholar, Meenakshi Academy of Higher Education and Research, Chennai, Tamilnadu, India. 

A.P.PONRAJ,  

Research Supervisor 
 

Abstract 

The aim of this paper is extend the study of 𝓗 −locally closed sets are defined in a generalized 
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1. Introduction 

Let 𝑋 be a nonempty set. A non-empty subfamily 𝜅 of ℘(𝑋) is called a 

generalized topology on 𝑋 [1] if ∅ ∈ 𝜅 and 𝜅 is closed under arbitrary union. The 
pair (𝑋, 𝜅) is called generalized topological space. Elements of 𝜅 are called 

𝜅 −open sets and the complement of a 𝜅 −open set is called a 𝜅 −closed set. The 
largest 𝜅 −open set contained in a subset 𝐴 of 𝑋 is denoted by 𝑖𝑛𝑡𝜅(𝐴)[3] and is 

called the 𝜅 −interior of 𝐴. The smallest 𝜅 −closed set containing 𝐴 is called the   
𝜅 − closure of 𝐴 and is denoted by 𝑐𝑙𝜅(𝐴) [3]. 

Throughout the paper, by a space, we always mean a generalized topological 
space (𝑋, 𝜅). A subset 𝐴 is said to be 𝜅 −dense if 𝑐𝑙𝜅(𝐴) = 𝑋. A hereditary class 

𝓗 is a non empty family of subset of 𝑋 such that 𝐴 ⊂  𝐵, 𝐵 ∈ 𝓗 implies 𝐴 ∈ 𝓗 
[2]. For each subset 𝐴 of 𝑋, a subset 𝐴∗(𝓗)  or simply 𝐴∗ of 𝑋 is defined by 
𝐴∗(𝓗) =  {𝑥 ∈  𝑋 |𝑀 ∩ 𝐴 ∉ 𝓗 for every 𝑀 ∈ 𝜅 containing 𝑋}[2]. A generalized 

topology 𝜅 is said to be a quasi-topology [4] on 𝑋 if 𝑀, 𝑁 ∈ 𝜅 implies 𝑀 ∩ 𝑁 ∈ 𝜅. If 
𝑐𝑙𝜅

∗ (𝐴) = 𝐴 ∩ 𝐴∗ for every subset 𝐴 of 𝑋, with respect to 𝜅 and a hereditary class 
𝓗 of subsets of 𝑋 then 𝜅∗ = { 𝐴 ⊂  𝑋/ 𝑐𝑙𝜅

∗ (𝑋 − 𝐴) = 𝑋 − 𝐴} is a generalized 

topology[2].  Elements of 𝜅∗  are called  𝜅∗ −open  sets  and  the  complement  of  a 
𝜅∗ −open  set  is  called  a  𝜅∗ −closed  set.   𝑖𝑛𝑡𝜅

∗ (𝐴)  is the interior of A in (𝑋, 𝜅∗). 
Let (𝑋, 𝜅) be a generalized topological space and 𝓗 be a hereditary class of 

subsets of 𝑋. If 𝑐𝑙𝜅
∗ (𝐴) = 𝑋, then 𝐴 is called 𝜅∗-dense. 

Definition 1.1. Let (𝑋, 𝜅) be a generalized topology. A subset 𝐴 of 𝑋 is said to 
be 

(i) 𝜅 − regular closed [2] if 𝑐𝑙𝜅(𝑖𝑛𝑡𝜅(𝐴)) = 𝐴, 

(ii) 𝜅 −semi open[2] if 𝐴 ⊂ 𝑐𝑙𝜅(𝑖𝑛𝑡𝜅(𝐴)), 

(iii) 𝜅 − 𝛼 − open [2] if 𝐴 ⊂ 𝑖𝑛𝑡𝜅(𝑐𝑙𝜅(𝑖𝑛𝑡𝜅(𝐴))),  
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(iv) 𝜅 − 𝛽 − open[2] if 𝐴 ⊂ 𝑐𝑙𝜅(𝑖𝑛𝑡𝜅(𝑐𝑙𝜅(𝐴))), 

(v) 𝛽 − 𝓗 − open[3] if 𝐴 ⊂  𝑐𝑙𝜅(𝑖𝑛𝑡𝜅(𝑐𝑙𝜅
∗ (𝐴))).  

(vi) 𝛼 − 𝓗 − open[3]  if  𝐴 ⊂ 𝑖𝑛𝑡𝜅(𝑐𝑙𝜅
∗ (𝑖𝑛𝑡𝜅(𝐴))), 

(vii)  𝑝𝑟𝑒 − 𝓗 − open [3]  if  𝐴 ⊂  𝑖𝑛𝑡𝜅(𝑐𝑙𝜅(𝐴)), 

(viii) 𝑠𝑒𝑚𝑖 − 𝓗 − open[3]  if  𝐴 ⊂ 𝑐𝑙𝜅
∗

 
(𝑖𝑛𝑡𝜅(𝐴)), 

(ix) 𝜅 − 𝑝𝑟𝑒𝑜𝑝𝑒𝑛 [3] if 𝐴 ⊂ 𝑖𝑛𝑡𝜅(𝑐𝑙𝜅(𝐴)). 

The family of all 𝜅 − 𝑠𝑒𝑚𝑖 𝑜𝑝𝑒𝑛 (𝜅 − 𝛽 − 𝑜𝑝𝑒𝑛, 𝛼 − 𝓗 − 𝑜𝑝𝑒𝑛) sets is denoted by 
𝜎𝜅(𝛽𝜅, 𝛼𝓗𝑜(𝑋)). If µ ∈ {𝜅, 𝜎, 𝛽, 𝜋}, then 𝑖𝑛𝑡µ and 𝑐𝑙µ are respectively, the interior 

and closure operators with respect to the generalized topology µ. 

The complement of a 𝜅 − 𝑠𝑒𝑚𝑖 𝑜𝑝𝑒𝑛 (𝑟𝑒𝑠𝑝.  𝜅 − 𝑝𝑟𝑒 𝑜𝑝𝑒𝑛, 𝜅 − 𝛼 − 𝑜𝑝𝑒𝑛, 𝜅 − 𝛽 −
𝑜𝑝𝑒𝑛, 𝛽 − 𝓗 − 𝑜𝑝𝑒𝑛, 𝛼 − 𝓗 − 𝑜𝑝𝑒𝑛, 𝑝𝑟𝑒 − 𝓗 − 𝑜𝑝𝑒𝑛, 𝑠𝑒𝑚𝑖 − 𝓗 − 𝑜𝑝𝑒𝑛) set is 
said to be a 𝜅 − 𝑠𝑒𝑚𝑖 𝑐𝑙𝑜𝑠𝑒𝑑 (𝑟𝑒𝑠𝑝.  𝜅 − 𝑝𝑟𝑒 𝑐𝑙𝑜𝑠𝑒𝑑, 𝜅 − 𝛼 − 𝑐𝑙𝑜𝑠𝑒𝑑, 𝜅 − 𝛽 −
𝑐𝑙𝑜𝑠𝑒𝑑, 𝛽 − 𝓗 − 𝑐𝑙𝑜𝑠𝑒𝑑, 𝛼 − 𝓗 − 𝑐𝑙𝑜𝑠𝑒𝑑, 𝑝𝑟𝑒 − 𝓗 − 𝑐𝑙𝑜𝑠𝑒𝑑, 𝑠𝑒𝑚𝑖 − 𝓗 −
𝑐𝑙𝑜𝑠𝑒𝑑) sets. 

Lemma 1.2. [8] Let (𝑋, 𝜅) be a generalized topological space and 𝓗 be a 

hereditary class of subsets of X. Then 𝓗 is 𝜅 − 𝑐𝑜𝑑𝑒𝑛𝑠𝑒 if and only if 𝐴 ⊂ 𝐴∗ for 

every 𝐴 ∈ 𝜅. 

Lemma 1.3. [3] Let (𝑋, 𝜅) be a generalized topological space and 𝓗 be a hereditary 

class of subsets of 𝑋. If A ⊂ A∗, then A∗ = 𝑐𝑙𝜅(𝐴) = 𝑐𝑙𝜅
∗ (𝐴). 

Lemma 1.4. [8] Let (𝑋, 𝜅) be a generalized topological space with hereditary 

class 𝓗. Then the following are equivalent. 

(a) 𝓗 is strongly  𝜅 − 𝑐𝑜𝑑𝑒𝑛𝑠𝑒. 

(b) 𝑀 ⊂ 𝑀∗ for every 𝑀 ∈  𝜅. 

(c) 𝑆 ⊂ 𝑆∗ for every 𝑆 ∈ 𝜎(𝑋). 

(d) 𝑐𝑙𝜅(𝑀 )  =  𝑀∗ for every 𝑀 ∈ 𝜅. 

Lemma 1.5. [3] Let (𝑋, 𝜅) be a generalized topological space and 𝐴 ⊂ 𝑋. Then the 
following hold. 

(a) 𝑖𝑛𝑡𝜋(𝐴)  =  𝐴 ∩ 𝑖𝑛𝑡𝜅(𝑐𝑙𝜅(𝐴)). 

(b) 𝑐𝑙𝜋(𝐴)  =  𝐴 ∪  𝑐𝑙𝜅(𝑖𝑛𝑡𝜅(𝐴)). 

Lemma 1.6. Let (𝑋, 𝜅) be a quasi- topological space and 𝓗 be a hereditary class 

of subsets of 𝑋. If 𝐴 ⊂ 𝑋 and 𝑀 ∈ 𝜅, then the following hold. 

(a) 𝑀 ∩ A∗  ⊂  (𝑀 ∩  𝐴)∗ [8, Theorem 2.6]. 
(b) 𝑀 ∩ 𝑐𝑙𝜅(𝐴)  ⊂ 𝑐𝑙𝜅(𝑀 ∩ 𝐴) [8, Lemma 1.3]. 

Lemma 1.7. [3] Let (𝑋, 𝜅) be a generalized topological space, 𝓗 be a 

hereditary class of subsets of 𝑋 and 𝐴 ⊂ 𝐵 ⊂ 𝑋. Then the following hold.  

 

(a) 𝐴∗ ⊂ 𝐵∗. 
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(b) 𝐴∗  ⊂ 𝑐𝑙𝜅(𝐴). 

(c) 𝐺 ∈ 𝜅, 𝐺 ∩ 𝐴 ∈ 𝐻 implies that 𝐺 ∩ 𝐴∗ = ∅. Hence  𝓗∗ = 𝑋 − 𝐺 if  𝓗∗ ∈ 𝓗. 

(d) 𝐴∗ is 𝜅 − closed for 𝐴 ⊂ 𝑋. 

(e) If 𝐹 is 𝜅 − closed, then 𝐹∗ ⊂  𝐹. 

(f) 𝐴∗∗ = (𝐴∗)∗ ⊂ 𝐴∗ for every 𝐴 ⊂ 𝑋. 

(g) 𝑋 = 𝑋∗ if and only if 𝜅 ∩ 𝓗 =  {∅}. 

2. 𝓗 − Locally closed sets 

Let (𝑋, 𝜅) be a generalized topological space, 𝓗be a hereditary class of subsets 

of 𝑋 and 𝐴 be a subset of 𝑋. Then 𝐴 is 𝓗 −locally closed [2] if 𝐴 = 𝐺 ∩ 𝑉, where 

𝐺 and 𝑉 are 𝜅∗ −perfect. The following Theorem 2.1 gives a characterization 

of 𝓗 −locally closed sets. 

Theorem 2.1. Let (𝑋, 𝜅) be a quasi-topological space and 𝓗 be a hereditary 

class of subsets of 𝑋. Then the following are equivalent. 

(a) 𝐴 is a 𝓗 −locally closed set. 

(b) 𝐴 = 𝑈 ∩ 𝐴∗ for some 𝜅 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 𝑈. 

Proof: (𝑎) ⇒ (𝑏). If 𝐴 is a 𝓗 −locally closed set, then 𝐴 = 𝑈 ∩ 𝑉 where 𝑈 is 𝜅 − 𝑜𝑝𝑒𝑛 

and 𝑉 is κ∗ −perfect. 𝐴 = 𝑈 ∩ 𝑉 implies that 𝐴∗ = (𝑈 ∩ 𝑉)∗. By Lemma 1.6(a), 
(𝑈 ∩ 𝑉)∗ ⊃ 𝑈 ∩ 𝑉∗. 𝑉  is κ∗ −perfect, implies that 𝐴∗ = (𝑈 ∩ 𝑉)∗ ⊃ 𝑈 ∩  𝑉∗ = 𝑈 ∩ 𝑉 =
𝐴 which implies that 𝐴 ⊂ 𝐴∗. Thus   𝐴 ⊂ 𝑉 implies that 𝐴∗ ⊂ 𝑉∗ = 𝑉 and so 𝐴∗  =
𝐴∗ ∩ 𝑉.  Hence 𝑈 ∩ 𝐴∗  = 𝑈 ∩ (𝐴∗  ∩ 𝑉 ) = 𝑈 ∩ 𝑉 ∩ 𝐴∗ = 𝐴 ∩ 𝐴∗ = 𝐴. 

(b)⇒(a). Conversely, suppose that 𝐴 = 𝑈 ∩ 𝐴∗ for some 𝜅 −open set 𝑈.  
Since 𝐴 ⊂ 𝐴∗, by Lemma 1.7, 𝐴∗ ⊂ 𝐴∗∗ ⊂ 𝐴. Therefore 𝐴∗ is 𝜅∗ −perfect and so 𝐴 

is an 𝓗 −locally closed set. 

The following Example 2.2 shows that the condition quasi topology on 𝜅 cannot be 
dropped in Theorem 2.1. 

Example 2.2. Consider the space (𝑋, 𝜅) with the hereditary class 𝓗 where  
𝑋 = {1, 2, 3, 4},  𝜅 = {∅, {1, 2}, {2, 3}, {1, 2, 3}} and 𝐻 =  {∅, {2}, {4}}. Clearly, 𝜅 is 
not a quasi- topology. 𝐼𝑓  𝐴 = {2, 3}, then 𝐴∗ =  {3, 4}. Clearly, 𝐴 is 𝓗 − locally 

closed set. But for every 𝜅 −open set 𝑈,  𝐴 ≠ 𝑈 ∩ 𝐴∗. 

The following Theorem 2.3 gives a characterizations of 𝓗 −locally closed sets. 

Theorem 2.3. Let (𝑋, 𝜅) be a quasi- topological space, 𝓗 be a hereditary class 

of subsets of    𝑋 and 𝐴 be a subset of.  Then the following are equivalent. 

(a) 𝐴 is 𝓗 −locally closed. 

(b) 𝐴 = 𝐺 ∩ 𝐴∗ for some 𝜅 −open set 𝐺. 

(c) 𝐴 ⊂ 𝐴∗ and 𝐴∗  −  𝐴 is 𝜅 −closed. 

(d) 𝐴 ⊂ 𝐴∗ and 𝐴 ∩ (𝑋 − 𝐴∗) is 𝜅 −open. 

(e) 𝐴 ⊂ 𝐴∗ and 𝐴 ⊂ 𝑖𝑛𝑡(𝐴 ∩ (𝑋 − 𝐴∗)). 
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Proof: (𝑎)  ⇒  (𝑏). Follows from Theorem 2.1. 

(𝑏) ⇒  (𝑐). Suppose 𝐴 = 𝐺 ∩ 𝐴∗ for some 𝜅 −open set 𝐺. Clearly, 𝐴 ⊂ 𝐴∗ and 
𝐴∗ − 𝐴 = 𝐴∗ ∩ (𝑋 − 𝐴) = 𝐴∗  ∩ (𝑋 −  (𝐺 ∩ 𝐴∗))  = 𝐴∗ ∩ (𝑋 − 𝐺). Since 𝐴∗ is 

𝜅 −closed, by Lemma 1.7(d), 𝐴∗ − 𝐴 is 𝜅 −closed. 

 (𝑐) ⇒  (𝑑). 𝐴∗ − 𝐴 is 𝜅 −closed implies that 𝐴∗ ∩ (𝑋 − 𝐴) is 𝜅 −closed 

which implies that  𝑋 − (𝐴∗  ∩ (𝑋 − 𝐴)) is κ−open . Therefore 𝐴 ∪ (𝑋 − 𝐴∗) is 

𝜅 −open. 

 (𝑑)  ⇒ (𝑒) is clear. 

 (𝑒)  ⇒ (𝑎). 𝑋 − 𝐴∗ = 𝑖𝑛𝑡𝜅(𝑋 − 𝐴∗) ⊂ 𝑖𝑛𝑡𝜅(𝐴 ∪ (𝑋 − 𝐴∗)) and so 
𝐴 ∪ (𝑋 − 𝐴∗) is 𝜅 −open, by hypothesis. Since 𝐴 = (𝐴 ∪ (𝑋 − 𝐴∗)) ∩ 𝐴∗, 𝐴 is 

𝓗 −locally closed. 

Corollary 2.4. Let (𝑋, 𝜅) be a quasi- topological space, 𝓗 be a hereditary class 
of subsets of   𝑋 and 𝐴 be a subset of. Then the following are equivalent. 

i. 𝐴 is 𝜅∗ −dense in itself. 

ii. 𝐴 is 𝜅∗ −perfect. 

iii. 𝑐𝑙𝜅(𝐴) = 𝑐𝑙𝜅
∗ (𝐴)  = 𝐴∗. 

Proof: i. Follows from Theorem 2.3. 

ii. Follows from (a) and the fact that (𝐴∗)∗  ⊂ 𝐴∗. 

iii. Follows from Lemma 1.3. 

The following Theorem 2.5 gives a characterization of 𝓗 −locally closed sets. 

Theorem 2.5. Let (𝑋, 𝜅) be a quasi- topological space, 𝓗 be a hereditary class 

of subsets of  𝑋 and 𝐴 be a subset of 𝑋. Then 𝐴 is 𝓗 −locally closed if and 

only if 𝐴 is locally 𝜅 −closed and A is 𝜅∗ −dense in itself. 

Proof: If 𝐴 is 𝓗 −locally closed, then 𝐴 is 𝜅∗ −dense in itself and 𝐴 = 𝐺 ∩ 𝐴∗ 

for some 𝐺 ∈ 𝜅. Since 𝐴∗ is 𝜅 −closed, 𝐴 is locally 𝜅 −closed. Conversely, if 𝐴 is 
locally 𝜅 −closed, then 𝐴 = 𝐺 ∩ 𝐹 where 𝐺 ∈ 𝜅 and 𝐹 is 𝜅 −closed. 𝐴 ⊂ 𝐹 ⇒ 𝐴∗  ⊂
𝐹 ⇒ 𝐴∗  ∩ 𝐹 = 𝐴∗. Now 𝐴 is 𝜅∗ −dense in itself implies that 𝐴 ⊂ 𝐴∗ and so 
𝐴 = 𝐴 ∩ 𝐴∗ = (𝐺 ∩ 𝐹) ∩ 𝐴∗  = 𝐺 ∩ (𝐹 ∩ 𝐴∗) = 𝐺 ∩ 𝐴∗. Therefore, 𝐴 is 

𝓗 − locally closed. 

The following Example 2.6 shows that 𝜅∗ −dense in itself sets need not be 

𝓗 −locally c losed. 

Example 2.6.  Let 𝑋 = {𝑒, 𝑓, 𝑔, ℎ},  𝜅 = {∅ , {ℎ}, {𝑒, 𝑔}, {𝑒, 𝑔, ℎ}, 𝑋} and 

 ℋ =  {∅, {𝑔}, {ℎ}, {𝑔, ℎ}}. If 𝐴 = {𝑒}, then 𝐴 is κ∗ −dense itself but not 

𝓗 −locally closed. 

 

Definition 2.7. Let (𝑋, 𝜅) be a generalized topological space, 𝓗 be a hereditary 
class of subsets of 𝑋 and 𝐴 be a subset of 𝑋 is said to be an 𝛼𝓗𝑁 − set if 𝐴 =
 𝑈 ∩  𝑉 where 𝑈 is 𝛼 − 𝓗 −open, and 𝑉 is 𝜅∗ −closed. We will denote the family 
of all 𝛼𝓗𝑁  −sets denoted by 𝛼𝓗𝑁(𝐴) . 
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Definition 2.8. Let (𝑋, 𝜅) be a generalized topological space, 𝓗 be a hereditary 

class of subsets of 𝑋 and 𝐴 be a subset of 𝑋. 𝐴 is said to be a weakly 𝓗 − 
locally closed set if 𝐴 = 𝑈 ∩  𝑉 where 𝑈 is 𝜅 −open and 𝑉 is a 𝜅∗ −closed set. 
The family of all weakly 𝓗 − locally closed sets is denoted by 𝑊𝓗𝐿𝐶(𝑋). 

Clearly, every weakly 𝓗 − locally closed set is an 𝛼𝓗𝑁 −set but not the converse 
as shown by the following Example 2.9. 

Example 2.9.  Consider (𝑋, 𝜅) the quasi topological space where 𝑋 =  {𝑝, 𝑞, 𝑟},
𝜅 = {∅, {𝑝}, {𝑝, 𝑟}, 𝑋} and 𝐻 = {∅, {𝑞}, {𝑟}, {𝑞, 𝑟}}. If 𝐴 = {𝑝, 𝑞}, then 

𝑖𝑛𝑡𝜅 (𝑐𝑙𝜅
∗ (𝑖𝑛𝑡𝜅(𝐴))) =  𝑖𝑛𝑡𝜅 (𝑐𝑙𝜅

∗ (𝑖𝑛𝑡𝜅(𝑝, 𝑞))) = 𝑖𝑛𝑡𝜅(𝑐𝑙𝜅
∗ (𝑝)) = 𝑖𝑛𝑡𝜅(𝑝, 𝑞, 𝑟) 

=  𝑋 ⊃ 𝐴 and so 𝐴 is 𝛼 − 𝓗 −open and hence an α𝓗N −set.  But there is no 

𝜅 −open set 𝑈 such that 𝐴 = 𝑈 ∩ 𝑐𝑙𝜅
∗ (𝐴) where 𝑐𝑙𝜅

∗ (𝐴) = 𝑋. Hence 𝐴 is not a 

weakly 𝓗 −locally closed set. 

Theorem 2.10 below gives a characterization of 𝛼𝓗𝑁 −sets. 

Theorem 2.10. Let (𝑋, 𝜅) be a quasi- topological space, 𝓗 be a hereditary class 

of subsets of 𝑋 and 𝐴 be a subset of 𝑋. Then 𝐴 is 𝛼𝓗𝑁 −set if and only if 

𝐴 = 𝑈 ∩ 𝑐𝑙𝜅
∗ (𝐴) for some  𝛼𝓗𝑁 −set 𝑈. 

Proof: If 𝐴 is an α𝓗N −set, then 𝐴 = 𝑈 ∩ 𝑉 where 𝑈 is 𝛼 − 𝓗 −open and 𝑉 
is 𝜅∗ −closed. Since  𝐴 ⊂ 𝑉 , 𝑐𝑙𝜅

∗ (𝐴) ⊂  𝑐𝑙𝜅
∗ (𝑉) = 𝑉  and so 𝑐𝑙𝜅

∗ (𝐴) ⊂ 𝑈 ∩ 𝑉 = 𝐴 ⊂
𝑈 ∩ 𝑐𝑙𝜅

∗ (𝐴) which implies that  𝐴 = 𝑈 ∩ 𝑐𝑙𝜅
∗ (𝐴). 

Conversely, suppose 𝐴 = 𝑈 ∩ 𝑐𝑙𝜅
∗ (𝐴)  for some α𝓗N − set 𝑈.  Since  𝑐𝑙𝜅

∗ (𝐴)  

is  𝜅∗ −closed,  𝐴  is  an α𝓗N −set. 

In the following Theorem 2.11, we give the relation of 𝜅∗ −perfect, 

𝜅 −locally closed and 𝜅∗ −dense in itself subsets with 𝓗 −locally closed 
subsets. 

Theorem 2.11. Let (𝑋, 𝜅) be a quasi- topological space, 𝓗 be a hereditary class 
of subsets of   𝑋 and 𝐴 be a subset of 𝑋. If A is 𝜅∗ −perfect, then 𝐴 is 𝓗 −locally 
closed. The converse is true, if 𝐴 is 𝜅∗ −closed. 

Proof: If A is 𝜅∗ −perfect, then 𝐴 = 𝐴∗ and so 𝐴 = 𝑋 ∩ 𝐴 = 𝑋 ∩ 𝐴∗ which implies 
that A is 𝓗 −locally closed. 

Conversely, if 𝐴 is 𝓗 −locally closed, then 𝐴 ⊂ 𝐴∗. A is 𝜅∗ −closed 
implies that 𝐴∗ ⊂ 𝐴. Hence  𝐴 = 𝐴∗. 

3. 𝓗𝑨𝟏 and 𝓗𝑩𝟏 sets 

Definition 3.1. Let (𝑋, 𝜅) be a generalized topological space, 𝓗 be a hereditary 

class of subsets of 𝑋 and 𝐴 be a subset of 𝑋,  𝐴 is said to be a 𝓗𝐴1 −set if 𝐴 =
𝑈 ∩ 𝑉 where 𝑈 is 𝜅 −open and  𝑐𝑙𝜅

∗ (𝑖𝑛𝑡𝜅(𝑉 )) = 𝑋.  The family of all  𝓗𝐴1 −sets  is  
denoted  by  𝓗𝐴1(𝐴). 

Definition 3.2. Let (𝑋, 𝜅) be a generalized topological space, 𝓗 be a hereditary 

class of subsets of 𝑋 and 𝐴 be a subset of 𝑋. 𝐴 is said to be a 𝓗𝐵1 −set if 𝐴 = 𝑈 ∩
𝑉 where 𝑈 is 𝛼 − 𝓗 −open  and  𝑐𝑙𝜅

∗ (𝑖𝑛𝑡𝜅(𝑉 )) = 𝑋. The family of all 𝓗𝐵1−sets is 
denoted by 𝓗𝐵1(𝑋). Clearly, 𝓗𝐴1(𝑋) ⊂ 𝓗𝐵1(𝑋). 
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The following Theorem 3.3 shows that 𝓗𝐴1 −sets and 𝓗𝐵1 −sets are 

nothing but 𝛼 − 𝓗 −open sets in quasi topological spaces. 

Theorem 3.3. Let (𝑋, 𝜅) be a quasi- topological space and 𝓗 be a hereditary 
class of subsets of 𝑋. Then 𝓗B1(𝑋) = 𝛼𝓗𝑜(𝑋) = 𝓗𝐴1(𝑋). 

Proof:  Suppose 𝐴 ∈ 𝓗B1(𝑋). Then 𝐴 = 𝑈 ∩ 𝑉 where 𝑈 is 𝛼 − 𝓗 −open and 

𝑐𝑙𝜅
∗ (intκ(V )) = X. Thus 𝑉 ⊂ 𝑋 = intκ(𝑐𝑙𝜅

∗ (intκ(V ))), since 𝑉 ∈ 𝛼𝓗𝑜(𝑋).  

Conversely, if 𝑈 ∈ 𝛼𝓗𝑜(𝑋), then 𝑈 = 𝑈 ∩ 𝑋 where 𝑐𝑙𝜅
∗ (𝑖𝑛𝑡𝜅(X )) = 𝑋  and 

so 𝑈 ∈ 𝓗𝐵1(𝑋). Hence 𝛼 𝓗𝑜(𝑋)  = 𝓗𝐵1(𝑋). Next suppose 𝐴 ∈  𝛼𝓗𝑜(𝑋). 

Then 𝐴 ⊂ 𝑖𝑛𝑡𝜅 (𝑐𝑙𝜅
∗ (𝑖𝑛𝑡𝜅(𝐴))) and so  

𝐴 = 𝑖𝑛𝑡𝜅 (𝑐𝑙𝜅
∗ (𝑖𝑛𝑡𝜅(𝐴))) ∩ (𝑋 − (𝑖𝑛𝑡𝜅 (𝑐𝑙𝜅

∗ (𝑖𝑛𝑡𝜅(𝐴))) − 𝐴)) 

= 𝑖𝑛𝑡𝜅(𝑐𝑙𝜅
∗ (𝑖𝑛𝑡𝜅(𝐴)))  ∩  ((𝑋 − 𝑖𝑛𝑡𝜅(𝑐𝑙𝜅

∗ (𝑖𝑛𝑡𝜅(𝐴)))) ∪ A) 

Also, 
𝑐𝑙𝜅

∗ (𝑖𝑛𝑡𝜅((𝑋 −  𝑖𝑛𝑡𝜅(𝑐𝑙𝜅
∗ (𝑖𝑛𝑡𝜅(𝐴)))) ∪  𝐴))  

⊃ 𝑐𝑙𝜅
∗ (𝑖𝑛𝑡𝜅(𝑋 −  𝑖𝑛𝑡𝜅(𝑐𝑙𝜅

∗ (𝑖𝑛𝑡𝜅(𝐴))))  ∪ 𝑖𝑛𝑡𝜅(𝐴)) 

=   𝑐𝑙𝜅
∗ (𝑖𝑛𝑡𝜅 (𝑋 – 𝑖𝑛𝑡𝜅 (𝑐𝑙𝜅

∗ (𝑖𝑛𝑡𝜅(𝐴))))) ∪ 𝑐𝑙𝜅
∗ (𝑖𝑛𝑡𝜅(𝐴)) 

⊃  𝑐𝑙𝜅
∗ (𝑖𝑛𝑡𝜅 (𝑋 – 𝑐𝑙𝜅

∗ (𝑖𝑛𝑡𝜅(𝐴)))) ∪  𝑐𝑙𝜅
∗ (𝑖𝑛𝑡𝜅(𝐴)) 

⊃ 𝑖𝑛𝑡𝜅 (𝑋 − 𝑐𝑙𝜅
∗ (𝑖𝑛𝑡𝜅(𝐴))) ∪ 𝑐𝑙𝜅

∗ (𝑖𝑛𝑡𝜅(𝐴)) 

⊃  𝑖𝑛𝑡𝜅 ((𝑋 − 𝑐𝑙𝜅
∗ (𝑖𝑛𝑡𝜅(𝐴))) ∪ 𝑐𝑙𝜅

∗ (𝑖𝑛𝑡𝜅(𝐴))) 

= 𝑖𝑛𝑡𝜅(𝑋) = 𝑋. 

Therefore, 𝐴 ∈ 𝓗A1(𝑋) which implies that 𝓗B1(𝑋) = 𝛼𝐻𝑜(𝑋) ⊂ 𝓗A1(𝑋). 
Clearly, 𝓗A1(𝑋)  ⊂  𝓗B1(𝑋). This completes the proof. 

Theorem 3.4. Let (𝑋, 𝜅) be a quasi- topological space with a hereditary 

class 𝓗. If 𝓗 is 𝜅 −codense, then every 𝜅 −open set is a 𝓗 −locally closed set. 

Proof: Suppose that 𝑈 is 𝜅 − open. By Lemma 1.3, 𝑈 ⊂ 𝑈∗ and so 𝑈∗ = 𝑈∗∗.  

Since  𝑈 = 𝑈 ∩ 𝑈∗, implies that 𝑈 is 𝓗 −locally closed set. 

The following Lemma 3.5 is useful to prove the following Theorem 3.6. 

Lemma 3.5. Let (𝑋, 𝜅) be a quasi- topological space with a 𝜅 −codense hereditary 

class 𝓗 and 𝐴 be a subset of 𝑋. If 𝐴 is an 𝓗𝐶 − set, then 𝑖𝑛𝑡𝛼−𝓗(𝐴) =
𝑖𝑛𝑡𝜅(𝐴) where  𝑖𝑛𝑡𝛼−𝓗(𝐴) is the interior of A with respect to the family of all 

𝛼 − 𝓗 −open set 𝛼 − 𝓗(𝑋). 

Proof: Clearly 𝑖𝑛𝑡𝛼−𝓗(𝐴)  ⊃  𝑖𝑛𝑡𝜅(𝐴). Since 𝐴 is an 𝓗𝐶 −set, 𝐴 = 𝑈 ∩ 𝑉 where 
𝑈 is 𝜅 −open and 𝑖𝑛𝑡𝜅 (𝑐𝑙𝜅

∗ (𝑖𝑛𝑡𝜅(𝑉))) = 𝑖𝑛𝑡𝜅(𝑉).  

Now 𝐴 ⊂ 𝑉  implies that 𝑖𝑛𝑡𝜅 (𝑐𝑙𝜅
∗ (𝑖𝑛𝑡𝜅(𝐴))) ⊂  𝑖𝑛𝑡𝜅 (𝑐𝑙𝜅

∗ (𝑖𝑛𝑡𝜅(𝑉 ))) 

= 𝑖𝑛𝑡𝜅(𝑉 ).Therefore 𝑖𝑛𝑡𝛼−𝓗(𝐴) = 𝐴 ∩ 𝑖𝑛𝑡𝜅 (𝑐𝑙𝜅
∗ (𝑖𝑛𝑡𝜅(𝑉 ))) ⊂ 𝐴 ∩
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 𝑖𝑛𝑡𝜅(𝑉 ) ⊂ 𝑈 ∩  𝑖𝑛𝑡𝜅(𝑉 ) = 𝑖𝑛𝑡𝜅(𝑈 ∩  𝑉 ) = 𝑖𝑛𝑡𝜅(𝐴). 

Therefore 𝑖𝑛𝑡𝛼−𝓗(𝐴) ⊂ 𝑖𝑛𝑡𝜅(𝐴). Hence 𝑖𝑛𝑡𝛼−𝓗(𝐴) =  𝑖𝑛𝑡𝜅(𝐴). 

Theorem 3.6. Let (𝑋, 𝜅) be a quasi- topological space with a 𝜅 −codense 
hereditary class 𝓗 and 𝐴 be a subset of 𝑋. Then the following are equivalent. 

(a) 𝐴 is 𝜅 −open set. 

(b) 𝐴 is an 𝛼 − 𝓗 −open set and a 𝓗 −locally closed set. 

(c) 𝐴 is a 𝑝𝑟𝑒 − 𝓗 −open set and a 𝓗 −locally closed set. 

(d) 𝐴 is a 𝑝𝑟𝑒 − 𝓗 −open set and an 𝓗𝐀 −set. 

(e) 𝐴 is a 𝑝𝑟𝑒 − 𝓗 −open set as well as 𝓗𝐂 − set and an 𝓗𝐀 −set. 

(f) 𝐴 is a 𝑝𝑟𝑒 − 𝓗 −open set as well as 𝓗𝐂 −set and a 𝑠𝑒𝑚𝑖 − 𝓗 − 𝑜𝑝𝑒𝑛 
set. 

(g) 𝐴  is  a  𝑝𝑟𝑒 − 𝓗 −open  set  as  well  as  𝓗𝐂 −set  and  𝑖𝑛𝑡𝜅(𝑐𝑙𝜅
∗ (𝐴)) ⊂

 𝑐𝑙𝜅
∗ (𝑖𝑛𝑡𝜅(𝐴)). 

Proof:  (𝑎) ⇒ (𝑏).  If 𝐴 is 𝜅 −open,  then 𝐴 is 𝛼 − 𝓗 −open.  Since 𝓗 is 

𝜅 −codense,  by Lemma 1.2, 𝐴 ⊂ 𝐴∗ and so 𝐴 = 𝐴 ∩ 𝐴∗. Therefore by Theorem 
2.3, 𝐴 is an 𝓗 −locally closed set. 

 (𝑏) ⇒ (𝑐). Follows from the fact every 𝛼 − 𝓗 −open set is 𝑝𝑟𝑒 − 𝓗 −open 
set. 

 (𝑐) ⇒ (𝑑). If 𝐴 is an 𝓗 −locally closed set then, by Theorem 3.3, 𝐴 = 𝐺 ∩
𝐴∗  for some 𝜅 −open  set  𝐺.  Since  𝐴 ⊂ 𝐴∗,  𝐴∗ = 𝑐𝑙𝜅

∗ (𝐴).  Also  𝐴  is  a  𝑝𝑟𝑒 −

𝓗 −open  set  implies  that  𝐴 ⊂ 𝑖𝑛𝑡𝜅(𝑐𝑙𝜅
∗ (𝐴)) = 𝑖𝑛𝑡𝜅(𝐴∗)  and  so 

  𝐴∗ ⊂ (𝑖𝑛𝑡𝜅(𝐴∗))∗ ⊂ (𝐴∗)∗ ⊂ 𝐴∗. Therefore  𝐴 = (𝑖𝑛𝑡𝜅(𝐴∗))∗. Hence 𝐴 = 𝐺 ∩ 𝐴∗  
for some 𝜅 −open set 𝐺 and 𝐴∗  =  (𝑖𝑛𝑡𝜅(𝐴∗))∗ and so 𝐴 is an 𝓗𝐀 − set. 

 (𝑑) ⇒ (𝑒). If 𝐴 is an 𝓗𝐀 −set, then 𝐴 = 𝐺 ∩ 𝑉 where 𝐺 is 𝜅 −open and 

𝑉 = (𝑖𝑛𝑡𝜅(𝑉 ))
∗
.  Now 𝑖𝑛𝑡𝜅 (𝑐𝑙𝜅

∗ (𝑖𝑛𝑡𝜅(𝑉))) = 𝑖𝑛𝑡𝜅(𝑖𝑛𝑡𝜅(𝑉 ) ∪  (𝑖𝑛𝑡𝜅(𝑉 ))
∗

) 

= 𝑖𝑛𝑡𝜅(𝑖𝑛𝑡𝜅(𝑉) ∪ 𝑉) = 𝑖𝑛𝑡𝜅(𝑉 ). Therefore, 𝐴 is a 𝓗𝐂 − set. 

  (𝑒) ⇒ (𝑓). If 𝐴 is an 𝓗𝐀 −set, then 𝐴 = 𝑈 ∩ 𝑉 where 𝑈 is 𝜅 −open and 

𝑉 = (𝑖𝑛𝑡𝜅(𝑉 ))
∗
.  Now 𝐴 = 𝑈 ∩ 𝑉 = 𝑈 ∩ (𝑖𝑛𝑡𝜅(𝑉 ))

∗
⊂ (𝑈 ∩ 𝑖𝑛𝑡𝜅(𝑉))

∗
 

= (𝑖𝑛𝑡𝜅(𝑈 ∩  𝑉 ))∗ = (𝑖𝑛𝑡𝜅(𝐴))∗ ⊂ 𝑐𝑙𝜅
∗ (𝑖𝑛𝑡𝜅(𝐴)) and so A is a 𝑠𝑒𝑚𝑖 − 𝓗 −

𝑜𝑝𝑒𝑛. 

 (𝑓) ⇒ (𝑔).  If 𝐴 is a 𝑠𝑒𝑚𝑖 − 𝓗 − 𝑜𝑝𝑒𝑛, then 𝐴 ⊂ 𝑐𝑙𝜅
∗ (𝑖𝑛𝑡𝜅(𝐴)). 

Now 𝑖𝑛𝑡𝜅(𝑐𝑙𝜅
∗ (𝐴)) ⊂ 𝑖𝑛𝑡𝜅(𝑐𝑙𝜅

∗ (𝑐𝑙𝜅
∗ (𝑖𝑛𝑡𝜅(𝐴)))) = 𝑖𝑛𝑡𝜅(𝑐𝑙𝜅

∗ (𝑖𝑛𝑡𝜅(𝐴))) =
𝑐𝑙𝜅

∗ (𝑖𝑛𝑡𝜅(𝐴)). Therefore 𝑖𝑛𝑡𝜅(𝑐𝑙𝜅
∗ (𝐴)) ⊂ 𝑐𝑙𝜅

∗ (𝑖𝑛𝑡𝜅(𝐴)). 

 (𝑔) ⇒ (𝑎).  Since 𝐴 is 𝑝𝑟𝑒 − 𝓗 − 𝑜𝑝𝑒𝑛 set,  
𝐴 ⊂ 𝑖𝑛𝑡𝜅(𝑐𝑙𝜅

∗ (𝐴)) = 𝑖𝑛𝑡𝜅(𝑖𝑛𝑡𝜅(𝑐𝑙𝜅
∗ (𝐴))) ⊂ 𝑖𝑛𝑡𝜅(𝑐𝑙𝜅

∗ (𝑖𝑛𝑡𝜅(𝐴))) and so A is 
𝛼 − 𝓗 − 𝑜𝑝𝑒𝑛 set and so 𝑖𝑛𝑡𝛼−𝓗(𝐴) = 𝐴. By Lemma 3.5, it follows that 

𝑖𝑛𝑡𝜅(𝐴) = 𝐴 and so 𝐴 is 𝜅 −open. 



Tianjin Daxue Xuebao (Ziran Kexue yu Gongcheng Jishu Ban)/  
Journal of Tianjin University Science and Technology 
ISSN (Online): 0493-2137 
E-Publication: Online Open Access  
Vol:55 Issue:02:2022 
DOI 10.17605/OSF.IO/W7B5G 

 

Feb 2022 | 445  
 

 

References 

A.Csaszar, Generalized topology, generalized continuity, Acta Math. Hungar, 
96(2002), 351 -357. 

A. Csaszar, Generalized Open Sets , Acta Mathematica Hungaria.,  
75(1-2)(1997), 65 - 87. 

A.Csaszar, Modifications of generalized topologies via hereditary classes,  
Acta Math. Hun- gar., 115(2007) 29 - 36. 

A.Csaszar, Remarks on quasi-topologies, Acta Math. Hungar.,  
119(1-2)(2007), 197 - 200. 

R.Shankar, A.P. Ponraj and D. Sivaraj Weakly semi−H−open sets and almost 
strong H− κ−open sets, International Journal of Pure and Applied Mathematics,  
117 (17), 2017, 7-13. 

A.P. Ponraj and D. Sivaraj , Semi*-H-open sets, International Journal of Pure 
and Ap- plied Mathematics, 117(17), 2017, 1-6. 

V.Renukadevi and Sheena Scaria, On hereditary classes in generalized 
topological spaces, J. Adv. Res. Pure. Math., 3(2)(2011), 21-30. 

V.Renukadevi and K. Karuppayi, On modifications of generalized topologies via 
hereditary classes, J. Adv. Res.Pure.Math., 2(2)(2010),14 - 20. 

P.Elavarasan and A.P.Ponraj, On κgp
∗ −Closed Sets, Design Engineering 

8(2021), 10994-10997  

 


